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CENTRAL LIMIT THEOREM AND COHOMOLOGICAL EQUATION
ON HOMOGENEOUS SPACES
RONGGANG SHI
Abstract. The dynamics of one parameter diagonal group actions on finite volume
homogeneous spaces has a partially hyperbolic feature. In this paper we extend the
Livsˇic type result to these possibly noncompact and nonaccessible systems. We also
prove a central limit theorem for the Birkhoff averages of points on a horospherical
orbit. The Livsˇic type result allows us to show that the variance of the central limit
theorem is nonzero provided that the test function has nonzero mean with respect to an
invariant probability measure.
1. Introduction
Let X “ G{Γ be a finite volume homogeneous space, where G is a connected noncom-
pact semisimple Lie group with finite center and Γ is an irreducible lattice of G. Recall
that a lattice Γ is said to be irreducible if for any noncompact simple factor N of G the
group NΓ is dense in G. The left translation action of G on X is (strongly) mixing with
respect to the probability Haar measure µ. The mixing is exponential when the action
of G on X has a strong spectral gap, i.e., the action of each noncompact simple factor of
G on X has a spectral gap. Recall that the action of a closed subgroup H of G on X is
said to have a spectral gap, if there exists δ ą 0 and a compactly supported probability
measure ν on H such that for all ϕ P L2µ,0 :“ tϕ P L2µ : µpϕq “ 0u one hasż
X
ˇˇˇˇż
H
ϕph´1xq dνphq
ˇˇˇˇ2
dµpxq ď p1´ δq
ż
X
|ϕpxq|2 dµpxq.
It was proved by Mozes [19] that the system pX, µ,Gq is mixing of all orders. The ef-
fective version of multiple mixing was proved by Bjo¨rklund-Einsiedler-Gorodnik [3] under
the assumption of the existence of the strong spectral gap. As an application, they ob-
tained a central limit theorem in [4]. The aim of this paper is to give a sufficient condition
of nonzero variance and prove new central limit theorems based on [24] where the author
proved effective multiple correlations for the trajectory of certain measure ν singular to
µ.
The irreducibility assumption for Γ is unnecessary, so we assume from now on that Γ is
just a lattice of G. We consider the action of a one parameter Ad-diagonalizable subgroup
F “ tat : t P Ru on X . Here Ad-diagonalizable means the image of F through the adjoint
representation of G is diagonal with respect to some basis of the Lie algebra.
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Let φ : X Ñ R be a continuous function integrable with respect to µ, and let ν be a
probability measure on X . It is said that pφ, ν, F q obeys the central limit theorem if the
random variables
1?
T
ż T
0
φpatxq ´ µpφq dt given by pX, νq(1.1)
converge as T Ñ 8 to the normal distribution with mean zero and variance σ “
σpφ, ν, F q ě 0, i.e., for any bounded continuous function f : R Ñ R,
lim
TÑ8
ż
X
f
ˆ
1?
T
ż T
0
φpatxq ´ µpφq dt
˙
dνpxq “ 1?
2πσ
ż 8
´8
fpsqe´ s
2
2σ ds.(1.2)
If σ “ 0, then the right hand side of (1.2) is interpreted to be fp0q and we say the central
limit theorem is degenerate.
Let C8c pXq be the space of compactly supported smooth and real valued functions on
X . It was proved in [4] that pφ, µ, F q obeys the central limit theorem if φ P C8c pXq and
the action of F on X is exponential mixing of all orders, e.g., the action of G on X has
a strong spectral gap [3]. Some special cases were known earlier in [25][21][15] when G
is the isometric group of a hyperbolic manifold with constant negative curvature. If in
addition X is compact, then the characterization of nonzero variance is well understood.
It was proved by Ratner [21] that σpφ, µ, F q “ 0 if and only if the system of cohomological
equations parameterized by s ą 0ż s
0
φpatxq ´ µpφq dt “ ϕpasxq ´ ϕpxq(1.3)
has a measurable solution ϕ P L2µ. Here a measurable solution means (1.3) holds for µ
almost every x P X . Using Livsˇic’s theorem [16] which says that a measurable solution
to (1.3) is equal to a continuous function almost everywhere, Melbourne and To¨ro¨k [18]
showed that σpφ, µ, F q “ 0 if and only ifż s
0
φpatxq ´ µpφq dx “ 0 for all x P X and s ą 0 with asx “ x.(1.4)
Our first main result is to extend Livsˇic’s theorem to the homogeneous space X . This
will allow us to give a sufficient condition of nonzero variance similar to (1.4). For a P G,
we use G1a to denote the group generated by the unstable horospherical subgroup G
`
a and
the stable horospherical subgroup G´a , where
G`a “ tg P G : lim
nÑ8
a´ngan Ñ 1Gu and G´a “ tg P G : lim
nÑ8
anga´n Ñ 1Gu.
Here and hereafter 1G denotes the identity element of a group G. The group G
1
a is a
connected semisimple Lie group without compact factors and it is normal in G. LetpC8c pXq “ C8c pXq`R be the set of functions which can be written as a sum of a function
in C8c pXq and a constant.
Theorem 1.1. Let X “ G{Γ where G is a connected semisimple Lie group with finite
center and Γ is a lattice. Let tat : t P Ru be a one parameter Ad-diagonalizable subgroup
of G and let µ be the probability Haar measure on X. Suppose a “ a1 and the action of
G1a on X has a spectral gap. If ϕ is a measurable solution to the cohomological equation
3ψpxq “ ϕpaxq ´ ϕpxq where ψ P pC8c pXq, then ϕ P L2µ and there is a smooth functionrϕ : X Ñ R such that ϕ “ rϕ almost everywhere with respect to µ.
In the case where X is compact and accessible, Theorem 1.1 is a special case of Wilkin-
son [26, Thm. A]. The accessible assumption in our setting is the same as G1a “ G. Our
result is new in the case where X nonaccessible or X is noncompact. The spectral gap
assumption is always satisfied if G1a is nontrivial, G has no compact factors and Γ is
irreducible, see Kelmer-Sarnak [13]. We prove the smoothness of ϕ along G1a orbits us-
ing the method of [26] and Avila-Santamaria-Viana [1]. The method allows us to prove
the Ho¨lder continuity of ϕ along G1a orbits if we only assume ψ is Ho¨lder. The Ho¨lder
continuity in the case where X “ SLdpRq{ SLdpZq is due to Le Borgne [17]. This part
doesn’t use the spectral gap assumption. To prove the smoothness of ϕ along the central
foliations of a we need to use the spectral gap assumption which implies the dynamical
system pX, µ, aq is exponential mixing. Here we use some ideas from Gorodnik-Spatzier
[11] and Fisher-Kalinin-Spatzier [10]. The smoothness of ϕ then follows from a result of
Journe´ [12] which says that a function uniformly smooth on transverse family of foliations
is smooth. We will prove Theorem 1.1 as well as its refinements where ψ is only assumed
to be Ho¨lder continuous in §5 and §6.
Now we state our result on the central limit theorem and give sufficient conditions for
the nonzero variance. In order to define the measure ν singular to µ we need to review
some concepts from [24]. We first setup the notation.
(n.1) H is a connected normal subgroup of G without compact factors.
(n.2) P is an absolutely proper parabolic subgroup of H , i.e., P contains none of the
simple factors of H .
(n.3) U is the unipotent radical of P .
(n.4) A is a maximal Ad-diagonalizable subgroup of H contained in P .
The group U is said to be a-expanding for some a P A if, for any nontrivial irreducible
representation ρ : H Ñ GLpV q on a finite dimensional real vector space V , one has
lim
nÑ8
ρpa´nqv “ 0 @ U -fixed v P V.
The expanding cone of U in A is
A`U “ ta P A : U is a-expandingu
and it has nice dynamical properties while translating U -slices on X . One of the main
results of [24] is to explicitly describe the expanding cone A`U of U in A. We postpone
the explicit description of A`U to §2 where we also review effective multiple correlations.
Here we only give an example which is the motivation of this concept.
Example 1.2. Let m,n be positive integers.
H “ G “ SLm`npRq, U “
#˜
1m h
0nm 1n
¸
P H : h P MmnpRq
+
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where 1m and 1n are the identity matrices of rank m and n, respectively, A is the identity
component of diagonal matrices in G, and
A`U “ tdiagper1 , . . . , erm, e´t1 , . . . , e´tnq P G : ri, tj ą 0u.(1.5)
Suppose p P A is a regular element, where regular refers to the projection of p to each
simple factor of H is not the identity element. Let H`p be the unstable horospherical
subgroup of p in H . We assume that H`p ď U , a1 P A`U and the conjugation of a1 expands
H`p , i.e.,
p‹q tat : t ą 0u Ă A`U,p def“ ta P A`U : H`p ď H`a X Uu.
The assumption p‹q is always checkable due to the explicit description of A`U , see §2 for
more details.
Let ν “ νq,z be a probability measure onX given by a compactly supported nonnegative
smooth function q on U and z P X in the following way:
νq,zpϕq “
ż
U
ϕpuzqqpuq dµUpuq @ϕ P CcpXq,(1.6)
where µU is a fixed Haar measure on U with µUpfq “ 1. Now we are ready to state the
central limit theorem.
Theorem 1.3. Let X “ G{Γ and µ be as in Theorem 1.1. Let H,P, U and A be as in
pn.1q-pn.4q. Suppose F “ tat : t P Ru is a one parameter subgroup of H satisfying p‹q
for a regular element p P A and ν “ νq,z is a probability measure on X given by (1.6) for
z P X and q P C8c pUq. Then for all φ P pC8c pXq with şX φ dµ “ 0, the system pφ, ν, F q
obeys the central limit theorem with variance
σpφ, F q “ lim
lÑ8
2
ż l
0
ż
X
φpatxqφpxq dµpxq dt P r0,8q.(1.7)
It can be seen from (1.7) that the variance σpφ, F q does not depend on ν and is the
same as σpφ, µ, F q. So the sufficient condition for the nonzero σpφ, F q below can also be
applied to the central limit theorem proved in [4]. In the setting of Example 1.2 with
Γ “ SLm`npZq, Theorem 1.3 is due to Bjo¨rklund-Gorodnik [5]. The difference between
our proof and that in [5] is that we do not use commulants.
Theorem 1.4. Let the notation and the assumptions be as in Theorem 1.3. Then the
variance σpF, φq in (1.7) is equal to zero if and only if the system of cohomological equa-
tions ż s
0
φpatxq dt “ ϕpasxq ´ ϕpxq ps ą 0q.(1.8)
has a measurable solution ϕ P L2µ.
This theorem together with Theorem 1.1 allow us to give a sufficient condition for the
nonzero variance.
Definition 1.5. A function φ P pC8c pXq is said to be dynamically null with respect to
pX,F q if for any F -invariant probability measure rµ on X one has rµpφq “ 0.
5Theorem 1.6. Let the notation and assumptions be as in Theorem 1.3. If the variance
σpF, φq in (1.7) is zero, then the function φ is dynamically null with respect to pX,F q.
The above theorem says that the central limit theorem is nondegenerate if the integral
of φ with respect to an F -invariant probability measure is nonzero.
Acknowledgements: I would like to thank Seonhee Lim, Weixiao Shen and Jiagang
Yang for the discussions related to this work.
2. preliminary
In this section we review some facts and prove a couple of auxiliary results. Let the
notation and assumptions be as in Theorem 1.3. Some results in this section are also used
in the proof of Theorem 1.1 where we take H “ G1a.
We first state the explicit description of the expanding cone and the result of effective
multiple correlations in [24]. Let h, u and a be the Lie algebras ofH,U and A, respectively.
Let Ad : H Ñ GLphq and ad : hÑ Endphq be the adjoint representations of the Lie group
and the Lie algebra, respectively.
Recall that we assume p‹q holds, namely, a1 belongs to the expanding cone A`U and
the conjugation of a1 expands a horospherical subgroup H
`
p contained in U . The latter
means that the eigenvalues of Adpa1q on the Lie algebra of H`p are bigger than one. The
assumption a1 P A`U is also easy to check and the details are given below.
Let Φpuq be the set of nonzero linear forms β on a such that there exists a nonzero
v P u with
adpsqv “ βpsqv @ s P a.
Let Bp¨, ¨q be the Killing form on h. Then for each β P Φpuq, there exists a unique sβ P a
such that
Bpsβ, sq “ βpsq @ s P a.
Theorem 2.1. [24] The expanding cone A`U “ exp a`u where a`u “ t
ř
βPΦpuq tβhβ : tβ ą 0u.
In the statement of the effective multiple correlations we need to use the p2, ℓq-Sobolev
norm for a positive integer ℓ. Recall that a vector field on a smooth manifold Y is a smooth
section of the tangent bundle of Y . A vector field v on Y defines a partial differential
operator Bv on C8pY q. Give α “ pv1, . . . , vkq where vi p1 ď i ď kq are vector fields on Y
we take Bα “ Bv1 ¨ ¨ ¨ Bvk and |α| “ k. We also allow α to be the null set where Bα is the
identity operator and |α| “ 0.
Elements of the Lie algebra g are naturally identified with the right invariant vector
fields on G which descend naturally to vector fields on X . For every v P g we use the
same notation v for the induced vector field on X . We fix a basis b of g consisting of
eigenvectors of Adpa1q and denote
}φ}ℓ “ max|α|ďℓ }B
αφ}L2µ,
where the maximum is taken over all the k-tuples α (0 ď k ď ℓ) with alphabet b.
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We fix an inner product on g such that elements of b are orthogonal to each other.
Let dG be the Riemannian distance on G given by a right invariant Riemannian manifold
structure induced from the inner product on g. The advantage of dG is that there exists
κ ą 0 such that
dGp1G, atga´tq ď eκ|t|dGp1G, gq(2.1)
for any t P R and g P G. The Lipschitz norm on pC8c pXq is defined by
}φ}Lip “ sup
g,hPG,gΓ‰hΓ
|φpgΓq ´ φphΓq|
dpgΓ, hΓq where dpgΓ, hΓq “ infγPΓ dGpgγ, hq.
The sup norm on pC8c pXq is defined by
}φ}sup “ sup
xPX
|φpxq|.
Recall that ν “ νq,z is a fixed probability measure on X given by z P X and q P C8c pUq
through the formula (1.6).
Theorem 2.2 ([24] Thm. 4.5). There exists an absolute constant δ ą 0, ℓ P N and M ě 1
with the following properties: for any positive integer k, any φi P pC8c pXq p1 ď i ď kq and
any real numbers t1, t2, ¨ ¨ ¨ , tk one has
(2.2)
ˇˇˇˇ
ˇ
ż
X
kź
i“1
φipatixq dνpxq ´
ż
X
φk dµ ¨
ż
X
k´1ź
i“1
φipatixq dνpxq
ˇˇˇˇ
ˇ
ďMk ¨ max
1ďiďk
}φi} ¨ pmax
1ďiďk
}φi}supqk´1 ¨ e´δminttk ,tk´t1,tk´t2,...,tk´tk´1u,
where } ¨ } is the norm on pC8c pXq given by
}φ} “ maxt}φ}sup, }φ}ℓ, }φ}Lipu @ φ P pC8c pXq.
We make it convention in this paper that the product indexed by the null set is 1 and
the sum indexed by the null set is 0. So in (2.2), if k “ 1 then śk´1i“1 φipatixq “ 1.
Lemma 2.3. There exists δ1 ą 0, E0 ą 0 and ℓ0 P N such that for any functions φ, ψ PpC8c pXq and any t P R one hasˇˇˇˇż
X
φpatxqψpxq dµpxq ´
ż
X
φ dµ
ż
X
ψ dµ
ˇˇˇˇ
ď E0}φ}ℓ0}ψ}ℓ0e´δ
1|t|
Proof. Recall that we assume the action ofH onX has a spectral gap and F has nontrivial
projection to each simple factor of H . So the conclusion follows from [7, §6.2.2]. 
Actually the dynamical system pX, µ, atq is mixing of all orders. This fact is proved in
[3, Thm. 1.1] under the assumption of strong spectral gap. It might be possible to get
a proof from [3] under our weaker assumption, but we give a simpler proof here using
the method of [24] for the completeness. The exponential mixing of all orders will follow
from an estimate similar to (2.2) with ν replaced by µ. During the proof we will use the
notation f1 À˚ f2 for two nonnegative functions which means f1 ď Cf2 for some positive
constant C possibly depending on ˚.
7Lemma 2.4. The conclusion of Theorem 2.2 holds with ν replaced by µ.
Sketch of Proof. The proof is the same as that of [24, Thm. 4.5], so we only give a sketch
of the key steps. The main difference is that instead of using quantitative nonescape of
mass [24, Thm. 1.3] we need to use the effective estimate of the volume in the cusp.
We use BGr to denote the open ball of radius r in G centered at the the identity element.
The injectivity radius at x P X is defined by
Ipx,Xq “ suptr ą 0 : g Ñ gx is injective on BGr u.
For ε ą 0, let Injε “ tx P X : Ipx,Xq ě εu. We claim that there exist C1, δ1 ą 0 such
that
µpXzInjεq ď C1εδ1 for all ε ą 0.(2.3)
We don’t have a direct proof of this fact, but it is a corollary of the equidistribution of
measures in [24, Thm. 1.4] and the quantitative nonescape of mass in [24, Thm. 1.3].
More precisely, we fix a Haar measure µ1 on G
` such that the open ball of radius 1 in G`
(denoted by B`1 ) has measure 1. Since the action of H on X has a spectral gap, there
exists x P X such that Hx is dense in X . Therefore, by [24, Thm. 1.4] we have for any
ϕ P CcpXq,
lim
tÑ8
ż
B`
1
ϕpathxq dµ1phq “ µpϕq.(2.4)
On the other hand, by [24, Thm. 1.3], there exists C1 ą 0 and δ1 ą 0 such that
µ1pth P B`1 : athx P XzInjεuq ď C1εδ1 for all t ě 0 and ε ą 0.(2.5)
In view of (2.4) and (2.5), if ϕ : X Ñ r0, 1s and supp pϕq Ă XzInjε, then µpϕq ď C1εδ1 .
Now (2.3) follows from taking a sequence of increasing functions ϕ which converges to the
characteristic function of XzInjε.
To prove the lemma, we assume without loss of generality that
k ě 2 and t “ minttk, tk ´ t1, . . . , tk ´ tk´1u ą 0,
since otherwise the conclusion is trivial. Let ℓ “ ℓ0` dimG where ℓ0 be as in Lemma 2.3
and 0 ă r ă 1 which is given by [24, (4.9)]. There is a smooth function θ : G` Ñ r0,8q
such that supp pθq is contained in the ball of radius r in G` and }θ}ℓ À r´2ℓ.
Let G` be the unstable horospherical subgroup of a1 inG. Since H is a normal subgroup
of G, one has G` is a subgroup of H . Then
(2.6)
ż
X
kź
i“1
φipatixq dµpxq “
ż
G`
θpgq
ż
X
kź
i“1
φipatixq dµpxq dg
“
ż
G`
ż
X
θpgq
kź
i“1
φipatiat´tkgatk´txq dµpxq dg
“
ż
G`
ż
X
θpgqϕkpatgxq
k´1ź
i“1
φipgiatixq dµpxq dg,
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where gi “ at´tk`tigatk´ti´t satisfies dGp1G, giq À r. So
|φipgiatixq ´ φipatixq| ď }φi}Lipr.(2.7)
Using (2.7), we can effectively replace φipgiatixq on the right hand side of (2.6) by φipatixq,
and reduce the estimate of (2.6) to the estimate ofż
X
ż
G`
θpgqϕkpatgxq dg
k´1ź
i“1
φipatixq dµpxq.(2.8)
We have an effective estimate of
ş
G`
θpgqϕkpatgxq dg for x P Injε using [24, Lemma 4.3].
We have an effective estimate of the volume of XzInjε using (2.3). These two estimates
together allow us to give an effective estimate of (2.8). 
In the proof of the central limit theorem, we need to know the growth of the norm
} ¨ } of the functions φ ˝ atpxq “ φpatxq for t ě 0. Clearly, for all φ P pC8c pXq we have
}φ}sup “ }φ ˝ at}. For the other two norms we have the following lemma.
Lemma 2.5. There exists κ ą 0 such that for all φ P pC8c pXq and t ě 0 one has
}φ ˝ at}ℓ ď eκt}φ}ℓ and }φ ˝ at}Lip ď eκt}φ}Lip.(2.9)
Therefore, }φ ˝ at} ď eκt}φ}.
Proof. Let v P b which is considered as a right invariant vector field and let v1 be the
value of v at the identity element. Let rφ be the lift of φ to G. For g P G,
Bvpφ ˝ atqpgΓq “ v1prφpatxgqq “ v1prφpatxa´t ¨ atgqq “ BAdpatqvφpatgΓq “ eκ1tBvφpatgΓq,
where we use the assumption that b consists of eigenvectors of Adpa1q so that there exists
κ1 P R with Adpatqv “ eκ1tv. In general for any α P Bk there exists κα P R such that
Bαpφ ˝ atq “ eκα ¨ pBαφq ˝ at.
Therefore the first inequality of (2.9) holds for any κ ě max|α|ďℓ κα.
For g, h P G with gΓ ‰ hΓ, we have
|φpatgΓq ´ φpathΓq|
dpgΓ, hΓq “
|φpatgΓq ´ φpathΓq|
dpatgΓ, athΓq ¨
dpatgΓ, athΓq
dpgΓ, hΓq ď }φ}Lip
dpatgΓ, athΓq
dpgΓ, hΓq .
Suppose dpgΓ, hΓq “ dGpg, hγq for some γ P Γ. Then by the right invariance of dG, the
definition of d and (2.1), we have
dpatgΓ, athΓq ď dGp1G, athγg´1a´tq ď eκtdGp1G, hγg´1q “ eκtdpgΓ, hΓq.
Therefore the second inequality of (2.9) holds. 
Lemma 2.6. For any sequence tφnu of functions in pC8c pXq one has
}φ1 ¨ ¨ ¨φn} ď nℓ ¨ pmax
1ďiďn
}φi}qℓ ¨ pmax
1ďiďn
}φi}supqn´ℓ.(2.10)
9Proof. It suffices to show that (2.10) holds if we replace the norm in the left hand side by
any of the three norms used to define } ¨ }. It is clear that this is true for } ¨ }sup.
For different x, y P X , we have
|śni“1 φipxq ´śni“1 φipyq|
dpx, yq
ď
řn
k“1 |
śk
i“1 φipxq
śn
j“k`1 φjpyq ´
śk´1
i“1 φipxq
śn
i“k φjpyq|
dpx, yq
ďn max
1ďiďn
`}φi}Lip ź
1ďjďn,j‰i
}φj}sup
˘
.
Therefore }φ1 ¨ ¨ ¨φn}Lip ď RHS of (2.10).
Let α “ pv1, . . . , vkq P bk where 1 ď k ď ℓ. The product rule of the differential operators
implies
Bα
ź
1ďiďn
φi “
ÿ nź
i“1
Bαiφi,
where there are nk terms in the summation and at most k ď ℓ of the Bαi are are not the
identity operator. Therefore,
}Bα
ź
1ďiďn
φi}L2µ ď nℓpmax1ďiďn }φi}q
ℓp max
1ďmďn
}φm}supqn´ℓ ď RHS of (2.10),
which completes the proof.

3. Variance
In this section we prove the finiteness of the variance in (1.7) and Theorem 1.4. All of
them are contained in the following lemma.
Lemma 3.1. Let the notation and the assumptions be as in Theorem 1.3. In particular
φ P pC8c pXq and µpφq “ 0. For a real number t P R, let φt be the function φpatxq. Then
(i) limlÑ8 2
şl
0
µpφtφq dt converges to a nonnegative real number, i.e., σpφ, F q of (1.7)
is well-defined and nonnegative.
(ii)
lim
TÑ8
1
T
ż T
0
ż T
0
ż
X
φtφs dν dt ds “ σpφ, F q.(3.1)
(iii) σpφ, F q “ 0 if and only if there exists ϕ P L2µ such that for all s ą 0ż s
0
φtpxq dt “ ϕpasxq ´ ϕpxq for µ-a.e. x P X.(3.2)
Proof. (i) In view of Lemmas 2.3, there exists δ1 ą 0 such that |µpφtφq| Àφ e´δ1t for
all t ě 0. Therefore, 2 şl
0
µpφtφq dt converges as l Ñ 8. This proves that σpφ, F q is
well-defined.
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To prove σpφ, F q is nonnegative, we show that it is equal to
σ1 def“ lim
TÑ8
ż
X
1
T
ˆż T
0
φt dt
˙2
dµ “ lim
TÑ8
1
T
ż T
0
ż T
0
µpφtφsq dt ds,
which is obviously nonnegative. By the symmetry of t and s, the invariance of µ under
F , we have
σ1 “ lim
TÑ8
2
T
ż T
0
ż T
s
µpφtφsq dt ds “ lim
TÑ8
2
T
ż T
0
ż T
s
µpφt´sφq dt ds.
We make change of variables ps, tq Ñ ps, rq “ ps, t´ sq, then
σ1 “ lim
TÑ8
2
T
ż T
0
ż T´r
0
µpφrφq ds dr “ lim
TÑ8
2
T
ż T
0
pT ´ rqµpφrφq dr
“ σpφ, F q ´ lim
TÑ8
2
T
ż T
0
rµpφrφq dr.
Since |µpφrφq| Àφ e´δ1r for r ě 0, the value |
şT
0
rµpφrφq dr| is uniformly bounded for all
T ą 0. So limTÑ8 2T
şT
0
rµpφrφq dr “ 0, and hence σpφ, F q “ σ1.
(ii) Suppose l ě 1 and T ě 10l. For every r with 0 ď r ď l, we apply (2.2) for k “ 1,
the function φφr and s ě 0, then we haveż
X
φsφr`s dν “ µpφφrq `Oφ,lpe´δsq.(3.3)
We decompose the function on X defined by
1
2
ż T
0
ż T
0
φspxqφtpxq dt ds “
ż T
0
ż T
s
φspxqφtpxq dt ds(3.4)
into ξpxq ` ηpxq, where
ξpxq “
ż T
0
ż mintT,s`lu
s
φspxqφtpxq dt ds,
ηpxq “
ż T´l
0
ż T
s`l
φspxqφtpxq dt ds.
To calculate νpξq we make change of variables ps, tq Ñ ps, rq “ ps, t ´ sq and apply
Fubini’s theorem:
(3.5)
νpξq “
ż l
0
ż T´r
0
ż
X
φsφr`s dν ds dr
pby (3.3)q “
ż l
0
ż T´r
0
µpφrφq `Oφ,lpe´δsq ds dr
“ T
ż l
0
µpφrφq dr `Oφ,l,δp1q.
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On the other hand, by (2.2) with k “ 2, t2 “ t and t1 “ s,
(3.6)
νpηq “
ż T´l
0
ż T
s`l
ż
X
φtφs dν dt ds
“
ż T´l
0
ż T
s`l
Oφpe´δpt´sqq dt ds
“
ż T´l
0
Oφ,δpe´δlq ds
“ pT ´ lqOφ,δpe´δlq.
By (3.4), (3.5) and (3.6), we have
(3.7)
1
T
ż T
0
ż T
0
ż
X
φtpxqφspxq dν dt ds “ 2νpξq ` 2νpηq
T
“ 2
ż l
0
µpφrφq dr ` 1
T
Oφ,l,δp1q `Oφ,δpe´δlq.
We show that the left hand side of (3.7) is arbitrarily close to σpφ, F q provided that T
is sufficiently large. Given ε ą 0, in view of (i), there exists l ě 1 such thatˇˇˇˇ
2
ż l
0
µpφrφq dr ´ σpφ, F q
ˇˇˇˇ
ă ε and |Oφ,δpe´δlq| ă ε.
For this fixed l we have | 1
T
Oφ,l,δp1q| ă ε provided that T is sufficiently large. Therefore
(3.1) holds.
(iii) Suppose (3.2) holds for all s ą 0. Recall that we have proved in (i) that
σpφ, F q “ lim
TÑ8
ż
X
1
T
ˆż T
0
φt dt
˙2
dµ.(3.8)
By (3.2),
şT
0
φtpxq dt “ ϕpaTxq ´ ϕpxq for µ-a.e. x. This together with (3.8) and ϕ P L2µ
imply σpφ, F q “ 0.
Now we assume σpφ, F q “ 0. We claim that
the L2-norm of ξT pxq def“
şT
0
φtpxq dt is uniformly bounded for all T ě 0.
Let ηpxq “ ξ1pxq and ηipxq “ ηpaixq. Then the claim is equivalent to the L2-norm of
ξnpxq “
řn´1
i“0 ηi is uniformly bounded for all n ě 2.
Since µ is F -invariant,ż
X
p
n´1ÿ
i“0
ηiq2 dµ “ nµpηq2 ` 2
n´1ÿ
i“1
i´1ÿ
j“0
µpηi´jηq “ nµpηq2 ` 2
n´1ÿ
i“1
pn´ iqµpηiηq.(3.9)
By (3.8) and (3.9)
0 “ σpφ, F q “ lim
mÑ8
ż
X
1
m
`m´1ÿ
i“0
ηi
˘2
dµ “ µpη2q ` lim
mÑ8
2
m´1ÿ
i“1
`
1´ i
m
˘
µpηiηq.
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We solve µpη2q from the above equation and plug it in (3.9), thenż
X
p
n´1ÿ
i“0
ηiq2 dµ “ ´2n
˜
lim
mÑ8
m´1ÿ
i“1
`
1´ i
m
˘
µpηiηq
¸
` 2
n´1ÿ
i“1
pn´ iqµpηiηq
“ ´2n
˜
lim
mÑ8
˜
n´1ÿ
i“1
`
m´1ÿ
i“n
¸`
1´ i
m
˘
µpηiηq
¸
` 2
n´1ÿ
i“1
pn ´ iqµpηiηq
“ ´2n lim
mÑ8
m´1ÿ
i“n
`
1´ i
m
˘
µpηiηq ´ 2
n´1ÿ
i“1
iµpηiηq.(3.10)
Note that the function η P pC8c pXq. So Lemma 2.3 impliesˇˇˇˇ
ˇ2n limmÑ8m´1ÿ
i“n
`
1´ i
m
˘
µpηiηq
ˇˇˇˇ
ˇ Àη nm´1ÿ
i“n
e´δ
1i ď ne
´δ1n
1´ e´δ1 ,
which converges to zero as n Ñ 8. So the absolute value of the first term of (3.10) is
uniformly bounded for all n P N. Similarly, we can uniformly bound the second term of
(3.10) as ˇˇˇˇ
ˇ2 n´1ÿ
i“1
iµpηiηq
ˇˇˇˇ
ˇ Àη n´1ÿ
i“1
ie´δ
1i À
ż 8
1
te´δ
1t dt ă 8.
Therefore, the L2-norm of ξn is uniformly bounded for all n P N and the proof of the
claim is complete.
Note that the Hilbert space L2µ is self-dual. So the claim and the Alaoglu’s theorem
imply that there exists a subsequence tniu of natural numbers and ϕ P L2µ such that
limiÑ8 ξni “ ´ϕ in the weak˚ topology. We show that (3.2) holds for this ϕ. It is not
hard to see that the function ϕpasxq is a weak˚ limit of the sequence t´ξnipasxqui in L2µ.
Therefore, in the weak˚ topology we have
ϕ ˝ as ´ ϕ “ lim
iÑ8
`
ξni ´ ξni ˝ as
˘ “ ż s
0
φt dt ´ lim
iÑ8
ż s
0
φt`ni dt.(3.11)
On the other hand, given any ψ P C8c pXq, by Lemma 2.3ˇˇˇˇ
lim
iÑ8
ż s
0
ż
X
φt`nipxqψpxq dµpxq dt
ˇˇˇˇ
ď lim
iÑ8
ż s
0
ˇˇˇˇż
X
φt`nipxqψpxq dµpxq
ˇˇˇˇ
dt
Àφ,ψ lim
iÑ8
ż s
0
e´δ
1pt`niq dt “ 0.
Therefore limiÑ8
şs
0
φt`nipxq dt “ 0 in the weak˚ topology. This observation together with
(3.11) imply (3.2). 
4. Proof of the central limit theorem
Let the notation and the assumptions be as in Theorem 1.3. In particular, we fix a
function φ P pC8c pXq and take φt “ φ ˝ at. In this section the dependence of constants
on φ and the probability measure ν will not be specified. By possibly replacing φ by φ
N
we assume without loss of generality that }φ}sup ď }φ} ď 1. We assume that φ is not
identically zero, since otherwise the conclusion holds trivially. Let M, ℓ, κ ě 1 and δ ą 0
so that Theorem 2.2 and Lemma 2.5 hold.
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We need to show that the random variables
ST : pX, νq Ñ R where ST pxq “ 1?
T
ż T
0
φtpxq dt
converges as T Ñ8 to the normal distribution with mean zero and variance σ “ σpφ, F q.
Our main tool is the following so called the second limit theorem in the theory of proba-
bility.
Theorem 4.1 ([9]). If for every n ě 0
(4.1) lim
TÑ8
1
n!
ż
X
SnT pxq dνpxq “
# pσ{2qn{2
pn{2q! for n even
0 for n odd
,
then as T Ñ8 the distribution of random variables ST on pX, νq converges to the normal
distribution with mean zero and variance σ.
Note that (4.1) obviously holds for n “ 0 and n “ 1. The case of n “ 2 is proved in
Lemma 3.1(ii). So we assume n ě 3 in the rest of this section unless otherwise stated.
We will estimate
bn,T “ 1
n!
ż
X
ˆż T
0
φtpxq dt
˙n
dν
for each fixed n ě 3. Write t “ pt1, . . . , tnq, dt “ dt1 ¨ ¨ ¨ dtn, φt “
śn
i“1 φti and
r0, T snď “ tt P r0, T sn : t1 ď t2 ď ¨ ¨ ¨ ď tnu.
By the symmetry of the variables of t and the Fubini’s theorem,
bn,T “
ż
X
ż
r0,T snď
φtpxq dt dν “
ż
r0,T snď
ż
X
φtpxq dν dt.(4.2)
An ordered partition
P “ tt1, 2, . . . , m1u, tm1 ` 1, . . . , m2u, . . . , tm|P |´1 ` 1, . . . , n´ 1, nuu
of t1, . . . , nu determines |P | ´ 1 positive integers 1 ď m1 ă ¨ ¨ ¨ ă m|P |´1 ă n and vice
versa. We use P ă n to denote P is an ordered partition of t1, . . . , nu. Let |P | “ k be
the cardinality of P and let m0 “ 0, mk “ n. Although k and mi depend on P , we will
not specify it for simplicity. We fix a positive real number
b “ n` 4κℓ` 2
δ
(4.3)
and set
IP “ tt P r0, T snď :tmi`1 ´ tmi ą bmi`1´min log T for 1 ď i ă k(4.4)
and tj`1 ´ tj ď bmi´jn log T for mi´1 ă j ă mi, 1 ď i ď ku.
We will always assume
T ąMn2bn log T(4.5)
so that IP ‰ H for any P ă n. This will allow us to avoid ambiguity in the discussions
below.
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Lemma 4.2. The set r0, T snď is a disjoint union of IP where P is taken over all the
ordered partitions of t1, . . . , nu.
Proof. Given t P r0, T snď, we show that there exists a P ă n such that t P IP . We find
the blocks of P from the top to the bottom. Let
m “ maxt1 ď j ă n : tj`1 ´ tj ą bn´jn log T u,
where we interpret m “ 0 if the set before taking the maximum is empty. This m is mk´1.
To find other mi we do the same calculation for the set t1, 2, . . . , mu. The process must
terminates with m “ 0 in finite steps and it gives a partition P such that t P IP . It is
not hard to see from the construction that P is uniquely determined by t. So r0, T snď is
a disjoint union of IP . 
In view of (4.2) and Lemma 4.2, we have
bn,T “
ÿ
Păn
bn,T,P where bn,T,P “
ż
IP
ż
X
φtpxq dν dt.
Now we estimate bn,T,P for each fixed partition P . We write t “ pt1, . . . , tkq according to
the partition P , i.e. ti “ ptmi´1`1, . . . , tmiq. For 1 ď i ď k and t P r0, T sn we let
ri,t “ tmi´1`1, si,t “ tmi , ti ´ ri,t “ ptmi´1`1 ´ ri,t, . . . , tmi ´ ri,tq and φti “
ź
mi´1ăjďmi
φtj .
Let
r “ pr1, . . . , rkq P Rk and IP prq “ tt P IP : ri,t “ riu.
Let
RP “ tr P r0, T sk : IP prq ‰ Hu, dr “
kź
i“1
dri and dtP “
ź
iPEP
dti,
where EP “ t1, . . . , nuztmi´1 ` 1 : 1 ď i ď ku. By slightly abuse of notation we write
dt “ dr dtP by identifying tmi´1`1 with ri for 1 ď i ď k.
Lemma 4.3. The volume of IP prq with respect to dtP is at most bn2nn logn T .
Proof. This is almost a trivial estimate by noting that ifmi´1 ă j ă mi for some 1 ď i ď k,
then tj`1 ´ tj ď bnn log T . 
Lemma 4.4. One has
0 ď T
k
k!
´
ż
RP
1 dr ď n3bnT k´1 log T .(4.6)
Proof. Since RP is a subset of r0, T skď, one has
0 ď
ż
r0,T skď
1 dr´
ż
RP
1 dr “ T
k
k!
´
ż
RP
1 dr,
which gives the lower bound in (4.6).
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To prove the upper bound we need more precise information about RP . Let
bk´1 “ bmk´mk´1n log T,
bk´2 “ pbmk´mk´1 ` bmk´1´mk´2qn log T,
¨ ¨ ¨ ¨ ¨ ¨
b1 “ pbmk´mk´1 ` ¨ ¨ ¨ ` bm2´m1qn log T.
We set r0 “ 0, b0 “ b1 and bk “ 0. We claim thatż
RP
1 dr “
kź
i“1
ż T´bi
ri´1`bi´1´bi
1 dri.(4.7)
If k “ 1, then RP “ r0, T s and (4.7) holds. Suppose k ě 2. If r P RP , then by definition
IP prq ‰ H. So there exists t P IP such that ri,t “ ri. In view of the definition of IP in
(4.4), one has
ri ą ri´1 ` bi´1 ´ bi @1 ă i ď k.(4.8)
On the other hand, if (4.8) holds for some r, then IP prq is nonempty and hence r P RP .
The formula (4.7) follows from (4.8).
Now we prove the upper bound in (4.6). Note that the length of
Li
def“ rri´1, T szrri´1 ` bi´1 ´ bi, T ´ bis
is at most bi´1 ď bnn2 log T . So
(4.9)
kź
i“1
ż T
ri´1
1 dri ´
kź
i“1
ż T´bi
ri´1`bi´1´bi
1 dri
“
kÿ
j“1
˜
j´1ź
i“1
ż T´bi
ri´1`bi´1´bi
1 dri
ż
Lj
1 drj
kź
s“j`1
ż T
rs´1
1 drs
¸
ď
kÿ
j“1
˜
j´1ź
i“1
ż T
0
1 dri
ż
Lj
1 drj
kź
s“j`1
ż T
0
1 drs
¸
ďk ¨ bnn2 log T ¨ T k´1 ď bnn3T k´1 log T.

Corollary 4.5. If |P | “ k ă n
2
, then limTÑ8
bn,T,P
T
n
2
“ 0.
Proof. Recall that we assume }φ} ď 1. So by Lemmas 4.3 and 4.4
|bn,T,P | ď
ż
RP
ż
IP prq
1 dtP dr ď T
k
k!
¨ bn2nn logn T.
The conclusion follows from the above estimate and the assumption that k ă n
2
.

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Now we estimate bn,T,P for k “ |P | ě n2 ą 1 using Theorem 2.2. By Lemma 2.5,
}φt} ď eκt}φ} for t ě 0. So in view of the definition of IP in (4.4) and the assumption
}φ} ď 1
(4.10)
max
mi´1ăjďmi
}φtj´ri,t} ď exppκptmi ´ ri,tqq
“ exppκ
ÿ
mi´1ăjămi
ptj`1 ´ tjqq
ď expppκn log T q
ÿ
mi´1ăjămi
bmi´jq
ď expp2κnbmi´mi´1´1 log T q,
where in the last estimate we use b ě n. In (4.10), we interpret řmi´1ăjămiptj`1´ tjq “ 0
if there is no integer j satisfying mi´1 ă j ă mi. By Lemma 2.6, the assumption
}φ}sup ď }φ} ď 1 and (4.10),
(4.11)
}φti´ri,t} ď pmi ´mi´1qℓ ¨ p max
mi´1ăjďmi
}φtj´ri,t}qℓ
ď pmi ´mi´1qℓ ¨ expp2κnℓbmi´mi´1´1 log T q
ď nℓ expp2κnℓbmi´mi´1´1 log T q
ď expp4κnℓbmi´mi´1´1 log T q,
where in the last estimate we use n ď en.
For 1 ď i ď k, using Theorem 2.2 with the product of mi´1 ` 1 functions φs p1 ď s ď
mi´1q and φti, we have
(4.12)
ˇˇˇˇ
ˇ
ż
X
iź
j“1
φtj dν ´
ż
X
i´1ź
j“1
φtj dν
ż
X
φti´ri,t dµ
ˇˇˇˇ
ˇ
“
ˇˇˇˇż
X
φt1φt2 ¨ ¨ ¨φtmi´1φpti´ri,tq`ri,t dν ´
ż
X
φt1φt2 ¨ ¨ ¨φtmi´1 dν
ż
X
φti´ri,t dµ
ˇˇˇˇ
ďMpmi´1 ` 1q ¨maxt}φ}, }φti´ri,t}ue´δpri,t´si´1,tq,
where we use }φ}sup ď 1 and set s0,t “ 0. The definition of IP in (4.4) implies
ri,t ´ si´1,t ą bpmi´mi´1qn log T for i ě 2.(4.13)
By (4.11), (4.12) and (4.13) we have for 2 ď i ď k
(4.14)
ˇˇˇˇ
ˇ
ż
X
iź
j“1
φtj dν ´
ż
X
i´1ź
j“1
φtj dν
ż
X
φti´ri,t dµ
ˇˇˇˇ
ˇ
ďMn expp4κbpmi´mi´1´1qℓn log T q ¨ expp´δbpmi´mi´1qn log T q
ďe´n log T ď T´n,
where in the last line we use b ě 4κℓ`2
δ
in (4.3) and T ěMn in (4.5).
Remark 4.6. The estimate (4.14) also holds for i “ 1 provided that t1 ě bm1n log T , which
will be used later.
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By (4.14) and the assumption }φ}sup ď 1 we have
(4.15)
ˇˇˇˇ
ˇbn,T,P ´
ż
IP
ˆż
X
φt1 dν
˙˜ kź
i“2
ż
X
φti´ri,t dµ
¸
dt
ˇˇˇˇ
ˇ
ď
ż
IP
ˇˇˇˇ
ˇ
ż
X
kź
i“1
φti dν ´
ż
X
φt1 dν
kź
i“2
ż
X
φti´ri,t dµ
ˇˇˇˇ
ˇ dt
ď
ż
IP
kÿ
i“2
ˇˇˇˇ
ˇ
ż
X
iź
j“1
φtj dν ´
ż
X
i´1ź
j“1
φtj dν
ż
X
φti´ri,t dµ
ˇˇˇˇ
ˇ dt
ď
ż
IP
nT´n dt ď 1.
Lemma 4.7. Suppose n ě 3 and k “ |P | ě n`2
2
, then limTÑ8
bn,T,P
T
n
2
“ 0.
Proof. If k ą n
2
, then the partition P must contains a single number. Since k ě n`2
2
,
there exists i ą 1 such that tmiu P P . Therefore,
kź
i“2
ż
X
φti´ri,t dµ “ 0.
This equality and (4.15) implies limTÑ8
bn,T,P
T
n
2
“ 0. 
Now there are two cases left, namely,
n is odd and P “ P1 “ tt1u, t2, 3u, ¨ ¨ ¨ , tn ´ 1, nuu,(4.16)
n is even and P “ P2 “ tt1, 2u, t3, 4u, ¨ ¨ ¨ , tn ´ 1, nuu.(4.17)
Lemma 4.8. If n ě 3 is even, and P “ P2 is given by (4.17), then for k “ |P | “ n2
lim
TÑ8
bn,T,P
T k
“
`
σ
2
˘k
k!
.(4.18)
Proof. Let
R1P “ tr P RP : ri ´ ri´1 ě 2b2n log T for 1 ď i ď k and rk ď T ´ bn log T u,
where r0 “ 0. It can be checked directly from the definition that for every r P R1P ,
IP prq “ tt P Rn : t2i´1 “ ri and ri ď t2i ď ri ` bn log T u.(4.19)
By Fubini’s theorem and (4.19)
(4.20)
ż
R1
P
ż
IP prq
kź
i“1
µpφti´ri,tq dtP dr “
ż
R1
P
´ ż bn log T
0
µpφsφq ds
¯k
dr.
Similar to (4.15) and using Remark 4.6 we haveˇˇˇˇ
ˇ
ż
R1
P
ż
IP prq
ż
X
kź
i“1
φti dν dt´
ż
R1
P
ż
IP prq
nź
i“1
µpφti´ri,tq dtP dr
ˇˇˇˇ
ˇ ď 1.(4.21)
On the other hand, similar to (4.9), we haveż
RP zR1P
1 dr ď 2b2n2T k´1 log T.(4.22)
18 RONGGANG SHI
By Lemma 4.3, (4.22) and the assumption }φ}sup ď 1
ˇˇˇˇ
ˇbn,T,P ´
ż
R1
P
ż
IP prq
ż
X
kź
i“1
φti dν dt
ˇˇˇˇ
ˇ ď
ż
RP zR1P
ż
IP prq
1 dt ď 2nn`2bn2`2T k´1 logn`1 T.
(4.23)
By Lemma 4.4 and (4.22)
(4.24)
T k
k!
´
ż
R1
P
1 dr “ T
k
k!
´
ż
RP
1 dr`
ż
RP zR1P
1 dr ď 3bnn3T k´1 log T.
To sum up, by (4.23)
lim
TÑ8
bn,T,P
T k
k!
“ lim
TÑ8
k!T´k
ż
R1
P
ż
IP prq
ż
X
kź
i“1
φti dν dt
pby 4.21q “ lim
TÑ8
k!T´k
ż
R1
P
ż
IP prq
nź
i“1
µpφti´ri,tq dtP dr
pby 4.20q “ lim
TÑ8
k!T´k
ż
R1
P
´ ż bn log T
0
µpφsφq ds
¯k
dr
pby 4.24q “ lim
TÑ8
´ ż bn log T
0
µpφsφq ds
¯k
pby Lemma 3.1(i)q “
´σ
2
¯k
.

Lemma 4.9. If n ě 3 is odd, and P “ P1 is given by (4.16), then
lim
TÑ8
bn,T,P
T
n
2
“ 0.(4.25)
Proof. Recall that k “ |P | “ n
2
` 1
2
and }φ} ď 1. By (4.15)
|bn,T,P | ď 1`
ż
RP
ˇˇˇˇż
X
φr1 dν
ˇˇˇˇ ˜ż
IP prq
kź
i“2
ż
X
|φti´ri,t| dµ dtP
¸
dr
pby Lemma 4.3q ď 1` bn2nnplogn T q
ż
RP
ˇˇˇˇż
X
φr1 dν
ˇˇˇˇ
dr
ď 1` bn2nnplogn T qT k´1
ż 8
0
ˇˇˇˇż
X
φr1 dν
ˇˇˇˇ
dr1
pby (2.2)q ď 1` bn2nnplogn T qT k´1M
ż 8
0
e´δt dr1.
So (4.25) follows from the above estimate and the observation k ´ 1 “ n´1
2
ă n
2
. 
Proof of Theorem 1.3. By Theorem 4.1 it suffices to prove (4.1). As noted after Theorem
4.1 that (4.1) holds for n “ 0, 1 and 2. For an odd integer n ě 3, one has
lim
TÑ8
bn,T
T
n
2
“
´ ÿ
|P |ăn
2
`
ÿ
|P |ąn`1
2
`
ÿ
|P |“n`1
2
¯
lim
TÑ8
bn,T,P
T
n
2
.
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Then it follows from Corollary 4.5, Lemma 4.7 and Lemma 4.9 that (4.1) holds for odd
n ě 3. For an even integer n ě 3, one has
lim
TÑ8
bn,T
T
n
2
“
´ ÿ
|P |ăn
2
``
ÿ
|P |ąn
2
`
ÿ
|P |“n
2
¯
lim
TÑ8
bn,T,P
T
n
2
.
So it follows from Corollary 4.5, Lemma 4.7 and Lemma 4.8 that (4.1) holds for even
n ě 3. 
5. Regularity along stable and unstable leaves
Let Γ be a lattice of a connected semisimple Lie group G with finite center and a P G be
Ad-diagonalizable. We assume in this section that the action of a on X “ G{Γ is ergodic
with respect to the probability Haar measure µ. In view of the Mautner’s phenomenon [2,
Thm. III.1.4] and the Ratner’s measure classification theorem [22, Thm. 3], the ergodicity
assumption is equivalent to G1aΓ is dense is G.
A function ψ : Y Ñ R on a metric space pY, distq is said to be θ-Ho¨lder p0 ă θ ď 1q if
}ψ}1θ :“ sup
x,yPY, 0ădistpx,yqă1
|ψpxq ´ ψpyq|
distpx, yqθ ă 8.
Here the upper bound of the distances between x and y is only needed in the case where
Y is noncompact. Recall that we have fixed a right invariant metric on G which induces
a metric on X . Any closed subgroup of G is considered as a metric space with the metric
inherited from that of G.
Let H be a closed subgroup of G with Lie algebra h Ă g. Recall from §2 that each
α P hk defines a differential operator Bα on X . A function ϕ : X Ñ R is said to be
uniformly smooth along H orbits of a subset X 1 Ă X if for any bounded open subset U
of H , any k ě 0 and any basis bh of h, there exists M ě 1 such that
|Bαϕpgxq| ďM for all x P X 1, g P U and α P bkh .(5.1)
It is not hard to see that to show (5.1) holds for any bh it suffices to prove it for a fixed
bh.
A useful tool to find a continuous function which is equal to a given measurable function
ϕ : X Ñ R is to assign the density value at every point of measurable continuity. Recall
that a point x P X is a point of measurable continuity of ϕ if there is s P R such that x
is a Lebesgue density point of ϕ´1pUq for every neighborhood U of s in R. The value s is
called the density value of ϕ at x. Let MCpϕq be the set of measurable continuity points
of ϕ, and let rϕ : MCpϕq Ñ R be the map which sends x to the density value of ϕ at x.
Theorem 5.1. Suppose pX, µ, aq is ergodic and ψ : X Ñ R is θ-Ho¨lder. Let ϕ : X Ñ R
be a measurable solution to the cohomological equation
ψpxq “ ϕpaxq ´ ϕpxq.(5.2)
Let rϕ : MCpϕq Ñ R be the map which sends x to the density value of ϕ at x. Then the
followings hold:
(i) MCpϕq is a G1a-invariant full measure subset of X and ϕ “ rϕ almost everywhere;
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(ii) rϕpgxq ´ rϕpxq is continuous on G1a ˆMCpϕq;
(iii) The Ho¨lder norms }rϕpgxq}θ px P MCpϕqq of functions on G1a are uniformly bounded;
(iv) If ψ P pC8c pXq, then rϕ is uniformly smooth along G´a and G`a orbits of MCpϕq.
For every x P X, u P G´a and s P R we define the stable holonomy map by
H´x,upsq “ s`
8ÿ
n“0
ψpanxq ´ ψpanuxq.(5.3)
In the context of [1], H´x,u is a map from the fiber of x to the fiber of ux in the fiber
bundle X ˆ R. We do not use the fiber bundle language but adopt the name holonomy
map. Similarly, for u P G`a , the unstable holonomy map is defined by
H`x,upsq “ s`
´1ÿ
n“´8
ψpanuxq ´ ψpanxq.(5.4)
Since ψ is θ-Ho¨lder, both of the holonomy maps are well-defined and continuous for
pu, x, sq P G˘a ˆX ˆ R.
A measurable function ϕ : X Ñ R is said to be essentially H´ invariant if there is a
full µ measure subset X 1 Ă X such that for all x P X, u P G´a with x, ux P X 1, one has
H´x,upϕpxqq “ ϕpuxq.(5.5)
We define essentially H` invariant in a similar way.
Lemma 5.2. If ϕ is a measurable solution to the cohomological equation (5.2), then ϕ is
essentially H` and H´ invariant.
Proof. By Lusin’s theorem, there is a compact subset K of X such that ϕ is uniformly
continuous on K and µpKq ą 0.9. Since pX, µ, aq is ergodic, there exists an a-invariant
full measure subset X1 such that the Birkhoff average of the characteristic function of K
at any x P X1 converges to µpKq. By assumption, there is an a-invariant full measure
subset X2 of X such that (5.2) holds for all x P X2. We will show that ϕ is essentially
H´ invariant by taking X 1 “ X1 XX2.
Suppose x P X 1, u P G´a and ux P X 1. Since X2 is a-invariant, we have anx, anux P X2
for all n P NY t0u. Using (5.2) for all anx and anux, we have
8ÿ
n“0
ψpanxq ´ ψpanuxq “ ϕpuxq ´ ϕpxq ` lim
nÑ8
ϕpanxq ´ ϕpanuxq,(5.6)
where the existence of infinite sum on the left hand of (5.6) follows form the Ho¨lder
property of ψ. So limnÑ8 ϕpanuxq ´ ϕpanxq converges. Since x, ux P X1, there are
infinitely many n with anx and anux belong to K. Since ϕ is uniformly continuous on K
and
dpanux, anxq ď dGpanua´n, 1Gq Ñ 0 as nÑ 8,
we know that limnÑ8 ϕpanuxq ´ ϕpanxq “ 0. Therefore (5.5) holds. This proves that ϕ
is essentially H´ invariant. The proof of the essential H` invariance is similar. 
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Lemma 5.3. If ϕ is a measurable solution to the cohomological equation (5.2), then the
set MCpϕq is G1a-invariant andrϕpuxq “ H˚x,uprϕpuxqq for all x P MCpϕq and u P G˚a(5.7)
where ˚ P t`,´u.
Proof. We show that MCpϕq is G´a -invariant and (5.7) holds for ˚ “ ´. One can prove the
G`a invariance of MCpϕq and (5.7) for ˚ “ ` similarly. Since G1a is generated by G´a and
G`a , the G
1
a invariance of MCpϕq is a direct corollary. The argument here is essentially
the same as that in [1] but much simpler. We provide details here for the completeness.
By Lemma 5.2, the function ϕ is essentially H´ invariant. So there exists a full measure
subset X 1 such that (5.5) holds for all x P X 1 and ux P X 1 where u P G´a . Let x P MCpϕq
and u P G´a . Suppose s is the density value of ϕ at x. We will show that H´x,upsq is the
density value of ϕ at ux. Let U be a neighborhood of H´x,upsq. In view of the continuity
of H´˚,˚p˚q, there exist open neighborhoods N and V of x and s, respectively, such that
H´y,uprq P U for all py, rq P N ˆ V.(5.8)
As u : X Ñ X is a diffeomorphism preserving µ, both X 1 and u´1X 1 are full measure
subsets. Since x P MCpϕq, it is a Lebesgue density point of
N X ϕ´1pV q XX 1 X pu´1X 1q.
It follows that ux is a Lebesgue density point of
N 1 “ upN X ϕ´1pV q XX 1q XX 1.
We claim that N 1 Ă ϕ´1pUq. The claim will imply that ux is a point of measurable
continuity of ϕ with density value H´x,upsq.
To prove the claim let uy be an arbitrary point of N 1. So uy P X 1 and y P NXϕ´1pV qX
X 1. Since y, uy P X 1, one has H´y,upϕpyqq “ ϕpuyq. On the other hand, since y P N and
ϕpyq P V , it follows from (5.8) that H´y,upϕpyqq P U . So ϕpuyq P U . This completes the
proof of the claim and hence the lemma. 
Proof of Theorem 5.1. (i) By [1, Lem. 7.10], the set MCpϕq has full measure with respect
to µ and ϕ “ rϕ almost everywhere. It follows from Lemma 5.3 that MCpϕq isG1a-invariant.
(ii) To simplify the notation, we set X 1 “ MCpϕq. In view of (5.5) and (5.7), the map
on G´a ˆX 1 which sends pu, xq to
rϕpuxq ´ rϕpxq “ H´x,uprϕpxqq ´ rϕpxq “ 8ÿ
n“0
ψpanxq ´ ψpanuxq(5.9)
is continuous on G´a ˆX 1. Similarly rϕpuxq ´ rϕpxq is continuous for pu, xq P G`a ˆX 1.
In general, given h P G1a, there exists m P N and κ1, . . . , κm P t`,´u such that the map
p : Gκ1a ˆ ¨ ¨ ¨ ˆGκma Ñ G1a given by ppg1, . . . , gmq “ gm ¨ ¨ ¨ g1(5.10)
contains an open neighborhood of h, see [6, §2.2]. Moreover, we can write h “ hm ¨ ¨ ¨h1
for hi P Gκia such that p is an open map in a neighborhood of ph1, . . . , hmq. Let
q : Gκ1a ˆ ¨ ¨ ¨ ˆGκma ˆX 1 Ñ R
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be the map given by qpg1, . . . , gm, xq “ rϕpgm ¨ ¨ ¨ g1xq ´ rϕpxq. For g0 “ 1G one has
qpg1, . . . , gm, xq “
mÿ
n“1
rϕpgn ¨ ¨ ¨ g1g0xq ´ rϕpgn´1 ¨ ¨ ¨ g1g0xq.(5.11)
So q is continuous on Gκ1a ˆ ¨ ¨ ¨ ˆ Gκma ˆX 1. Since p is an open map in a neighborhood
of ph1, . . . , hmq, the map rϕpgxq ´ rϕpxq is continuous at ph, xq P G1a ˆ X 1. Therefore,rϕpgxq ´ rϕpxq is a continuous function on G1a ˆX 1.
(iii) Next we prove the uniform boundedness of the Ho¨lder norms. Recall that the
metric on G1a is induced from the right invariant metric on G. So it suffices to prove that
there is an open neighborhood U of the identity in G1a andM ě 1 such that for any x P X 1
and g P U
|rϕpgxq ´ rϕpxq| ďMdGpg, 1Gqθ.(5.12)
There is a map p as in (5.10) such that the pp1G, . . . , 1Gq “ 1G and the differential
of p at p1G, . . . , 1Gq is surjective. Therefore, there is a submanifold V passing through
p1G, . . . , 1Gq such that p|V is a diffeomorphism onto its image. In particular, p|V is a
bi-Lipschitz map onto U “ ppV q. So for all pg1, . . . , gmq P V and g “ ppg1, . . . , gmq we
have
m
max
i“1
dGpgi, 1Gq À dGpg, 1Gq.(5.13)
So for gi P G´a and y P X 1, by (5.9) and (5.13), we have
|rϕpgiyq ´ rϕpyq| À }ψ}θdGpg, 1Gqθ.(5.14)
The same estimate holds for gi P G`a . So for any x P X 1 and g P U , by (5.11) and (5.14),
we have
|rϕpgxq ´ rϕpxq| ď m mmax
n“1
|rϕpgn ¨ ¨ ¨ g1g0xq ´ rϕpgn´1 ¨ ¨ ¨ g1g0xq| À m}ψ}θdGpg, 1Gqθ,
from which (5.12) follows.
(iv) Let b´ be a basis of the Lie algebra of G´a consisting of eigenvectors of Adpaq. We
assume without loss of generality that all the eigenvalues of Adpaq are positive. Suppose
α “ pv1, . . . vrq P br´ and tα “
řr
i“1 ti where ti ą 0 satisfies Adpaqvi “ e´tivi. We use Bαu
to denote the differentiable operator Bα on G´a with respect to the variable u P G´a Then
Bαuψpanuxq “ BAdpa
nqαψpanuxq “ e´tαnBαψpanuxq,(5.15)
whose sum over n ě 0 converges uniformly for u in a fixed compact subset and x P X . So
by (5.9) and (5.15), for any x P MCpϕq and u P G´a , we have
Bαrϕpuxq “ ´ 8ÿ
n“0
e´tαnBαψpanuxq.
Therefore rϕ is uniformly smooth along G´a orbits of MCpϕq. By similar arguments one
can prove that rϕ is uniformly smooth along G`a orbits of MCpϕq.

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6. Livsˇic type theorem
Let the notation and assumptions be as in Theorem 1.1. In particular, the action of
G1a on X “ G{Γ has a spectral gap. This implies that the action of G1a on pX, µq where
µ is the probability Haar measure is mixing. As a consequence, the dynamical system
pX, µ, aq is ergodic, hence Theorem 5.1 holds.
Lemma 6.1. Suppose ϕ is a measurable solution to the cohomological equation ψpxq “
ϕpaxq ´ ϕpxq where ψ P pC8c pXq. Then ϕ P L2µ and µpψq “ 0.
Proof. Since the dynamical system pX, µ, aq is ergodic, the measurable solution ϕ to the
cohomological equation ψpxq “ ϕpaxq ´ ϕpxq is unique up to constants. Therefore, it
suffices to prove that it has a solution in L2µ, i.e., ψ is cohomologous to 0 in L
2
µ. Since
the action of G1a on X has a spectral gap, the dynamical system pX, µ, aq is exponential
mixing of all orders by Lemma 2.4. Therefore, by [4, Thm. 1.1] the random variables
1
n
n´1ÿ
k“0
pψpakxq ´ µpψqq “ 1?
n
pϕpan´1xq ´ ϕpxqq ´ ?nµpψq given by pX, µq
converges as nÑ8 to the normal distribution with mean zero and variance
σ “
ż
X
ψpxq2 dµpxq ` 2
8ÿ
n“1
ż
X
ψpanxqψpxq dµpxq.(6.1)
We claim that the random variables 1?
n
pϕpan´1xq´ϕpxqq converges to zero in distribution
as n Ñ 8. To see this, given ε ą 0, there is M ě 1 such that µptx P X : ϕpxq ď Muq ą
1´ ε. Since the measure µ is a-invariant, for any n ą 0
µ
`tx P X : ϕpan´1xq ďM and ϕpxq ďMu˘ ą 1´ 2ε,
from which the claim follows. Therefore, the central limit theorem has to be degenerate
and µpψq “ 0. It follows from [20, Thm. 2.11.3] that ψ is cohomologous to 0 in L2µ. 
Recall that an element v P g is identified with the a right invariant vector field on G
and it descents to a vector field on X with the same notation v.
Lemma 6.2. Suppose v P g and ψ, φ P pC8c pXq. Thenż
X
Bvψφ dµ “
ż
X
ψBvφ dµ.(6.2)
Proof. For any nonzero real number t and x P X we let
ftpxq “ ψpexpptvqxqφpexpptvqxq ´ φpxqψpxq
t
.
The functions ft are uniformly bounded by the mean value theorem. So the dominated
convergence theorem implies
lim
tÑ0
ż
X
ft dµ “
ż
X
lim
tÑ0
ft dµ “
ż
X
Bvψφ´ ψBvφ dµ.
On the other hand, since G preserves µ, we have
ş
X
ft dµ “ 0 for all t. Therefore (6.2)
holds. 
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Lemma 6.2 allows us to define the distribution derivative of ϕ P L2µ. For each α P gk,
we define Bαϕ as a linear functional on pC8c pXq such that
xBαϕ, φy “ p´1q|α|xϕ, Bαφy where |α| “ k.
In view of Lemma 6.2, this definition is consistent with the usual definition in the sense
that the distribution derivative of a function ψ P pC8c pXq is represented by the function
Bαψ. This property implies that our definition of distribution derivative is independent
of the choice of coordinates and coincides with the definition using local charts. Let
g´ and g` be the Lie algebras of G´a and G
`
a , respectively. Let l be the Lie algebra of
L “ tg P G : ga “ agu. For a square integrable function ξ on L and α P lk, one can define
the distribution derivative Bαξ in a similar way. Moreover, this definition coincides with
the definition using local charts.
Lemma 6.3. Suppose ψ P pC8c pXq and ϕ is an L2µ,0 solution to the cohomological equation
ψpxq “ ϕpaxq ´ ϕpxq. Then for all α P lk and φ P pC8c pXq, one has
xBαϕ, φy “ ´
8ÿ
n“0
ż
X
Bαψpanxqφpxq dµpxq.
Proof. According to the definition and the assumption ψpxq “ ϕpaxq ´ ϕpxq,
(6.3)
xBαϕ, φy “ p´1q|α|
ż
X
ϕBαφ dµ
“ p´1q|α|
ż
X
`
ϕpakxq ´
k´1ÿ
n“0
ψpanxq˘Bαφpxq dµpxq
“ p´1q|α|
˜ż
X
ϕpakxqBαφpxq dµ´
k´1ÿ
n“0
ż
X
ψpanxqBαφpxq dµ
¸
.
As the action of a on pX, µq is mixing and µpϕq “ 0, we have
lim
kÑ8
ż
X
ϕpakxqBαφpxq dµ “ 0.
On the other hand, by Lemma 2.3 the mixing is exponential for functions in pC8c pXq. So
by (6.3) and Lemma 6.2,
xBαϕ, φy “ p´1q|α|`1
8ÿ
n“0
ż
X
ψpanxqBαφpxq dµ
“ ´
8ÿ
n“0
ż
X
Bαpψ ˝ anqpxqφpxq dµpxq
“ ´
8ÿ
n“0
ż
X
Bαψpanxqφpxq dµpxq.

A vector field v on X is said to be tangent to L orbits if its value vx at each point
x P X is tangent to the submanifold Lx . The space of all such vector fields is denoted
by FLpXq. We fix a basis b of g consisting of eigenvectors of Adpaq and let bl “ bX l.
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Lemma 6.4. Suppose β P FLpXqk. Then there exists a family of smooth functions
fα pα P brl , r ď kq such that
Bβ “
ÿ
αPbr
l
,rďk
fαBα.
Proof. Since the values of bl at any point form a basis of the tangent space of the point,
the conclusion is clear for k “ 1. We prove the general case by induction. Suppose the
conclusion holds for |β| ď k and Bβ “ Bv1 ¨ ¨ ¨ Bvk`1 where vi P FLpXq. By the induction
hypothesis
Bv1 “
ÿ
vPbl
fvBv and Bv2 ¨ ¨ ¨ Bvk`1 “
ÿ
αPbr
l
,rďk
fαBα,
where fv and fα are smooth functions on X . Let φ P C8c pXq be a test function. Then
Bβφ “
ÿ
vPbl
fvBv
` ÿ
|α|ďk
fαBαφ
˘ “ ÿ
|α|ďk
` ÿ
vPbl
fvBvfα
˘Bαφ`ÿ
vPbl
fvfαBpv,αqφ.
So the conclusion holds for |β| “ k ` 1. 
Proof of Theorm 1.1. We have proved ϕ P L2µ in Lemma 6.1. Next we show that ϕ is equal
to a smooth function almost surely. By possibly replacing ϕ by ϕ´µpϕq, we assume that
µpϕq “ 0. In view of Theorem 5.1, we assume that ϕ “ rϕ is defined on the G1a-invariant
full measure subset X 1 “ MCpϕq so that the conclusions of Theorem 5.1 hold. We will
show that MCpϕq “ X and ϕ is smooth.
The question is local, so we fix x P X . We choose open neighborhoods U , U´ and U`
of the identity in L, G´a and G
`
a , respectively, such that U ˆU´ˆU` is diffeomorphic to
its image via the map pg, h0, h1q Ñ gh0h1x. Let ξ : U Ñ X be defined by g P U Ñ ϕpgxq.
We fix Haar measures on G,G´a , G
`
a and L so that a fundamental domain of Γ has measure
1 and
dpgh0h1q “ dg dh0 dh1 where g P L, h0 P G´a and h1 P G`a .(6.4)
Since ϕ P L2µ, the function ξ is square integrable.
Suppose g P L and gx P X 1. Note that L normalizes G`a and G´a . So by (5.7), (5.3)
and (5.4)
(6.5)
ϕpgh0h1xq “ ϕpgh0g´1 ¨ gh1xq
“ϕpgh1xq `
8ÿ
n“0
ψpangh1xq ´ ψpangh0h1xq
“ϕpgh1g´1 ¨ gxq `
8ÿ
n“0
ψpangh1xq ´ ψpangh0h1xq
“ϕpgxq ` λψpg, h0, h1q,
where
(6.6)
λψpg, h0, h1q “
´1ÿ
n“´8
rψpangh1xq ´ ψpangxqs `
8ÿ
n“0
rψpangh1xq ´ ψpangh0h1xqs
“
´1ÿ
n“´8
rψpganh1xq ´ ψpganxqs `
8ÿ
n“0
rψpganh1xq ´ ψpganh0h1xqs.
26 RONGGANG SHI
For α P lk, let Bαg be the differential operator Bα with respect to the variable g P L. Then
(6.7)
Bαg rψpganh1xq ´ ψpganxqs “ Bαψpganh1xq ´ Bαψpganxq
“ Bαψpangh1g´1 ¨ gxq ´ Bαψpan ¨ gxq,
whose sum over negative integers n converges uniformly with respect to h1 P U` and g P U .
Similar statement holds for Bαg rψpganh1xq ´ ψpganh0h1xqs. Therefore, (6.6) converges
uniformly on U ˆ U´ ˆ U` and
Bαg λψpg, h0, h1q “ λBαψpg, h0, h1q.(6.8)
The uniform convergence of (6.6) implies that λpg, h0, h1q is continuous on UˆU´ˆU`.
In view of (6.5), if ξ is equal to a continuous function almost everywhere, then ϕ is equal
to a continuous function almost everywhere. This implies that MCpϕq X UU´U`x “
UU´U`x and ϕ is continuous on UU´U`x. It follows from (6.5), (6.6), (6.7) and (6.8)
that if ξ is smooth on U , then for any α P lk we have Bαϕpyq exists for all y P UU´U`x
and these values are uniformly bounded on UU´U`x. On the other hand, by Theorem
5.1(iv), the function ϕ is uniformly smooth along G´a and G
`
a orbits of MCpϕq. Therefore,
if ξ is equal to a smooth function almost everywhere, then ϕ is defined everywhere on
UU´U`x and all the partial derivatives of ϕ along foliations are uniformly bounded on
UU´U`x. So a theorem of Journe´ [12] implies that ϕ is smooth on UU´U`x.
Therefore, it suffices to show that ξ is equals to a smooth function almost everywhere.
Let m be the dimension of L. We assume that there is a coordinate map b : U Ñ Ω where
Ω is an open ball in Rm. Moreover, we assume there is a smooth function ρ : U Ñ R that
is bounded from above and below by some positive constants so that ρpgq dg is mapped by
b to the Lebesgue measure on Ω. For a compactly supported smooth function ζ0 : U Ñ R,
we consider the Fourier transform of fpyq “ ξpb´1yqζ0pb´1yq defined by
pfpzq “ ż
Ω
ξpb´1yqζ0pb´1yqe´2πiy¨z dy,
which is a continuous function on Rm. We claim that for any positive integer n and
z “ pz1, . . . , zmq P Rm, we have
|z|nsup pfpzq P L1pRmq where |z|sup “ maxt|z1|, . . . , |zm|u.(6.9)
Assume the claim, then it follows from the Fourier inversion formula that f equals to a
smooth function almost everywhere, see for example Folland [8, Thm. 8.22.d, 8.26]. By
choosing ζ0 with arbitrarily large support, we have ξ is equal to a smooth function almost
everywhere.
Now we prove the claim. We will use the usual multiple index notation for the partial
derivatives on Rm (see [8, §8.1]). For example, if γ “ pk1, ¨ ¨ ¨ , kmq P Změ0 is a multiple
index, then
zγ “ zk11 ¨ ¨ ¨ zkmm , Bγ “
ˆ B
By1
˙k1
¨ ¨ ¨
ˆ B
Bym
˙km
and |γ| “ k1 ` ¨ ¨ ¨ km.
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We have
(6.10)
p2πizqγ pfpzq “ p´1q|γ| ż
Ω
ξpb´1yqζ0pb´1yqBγe´2πiy¨z dy
“
ż
Ω
Bγ`ξpb´1yqζ0pb´1yq˘e´2πiy¨z dy,
where Bγ refers to the distribution derivative. By the product rule
(6.11) Bγ
`
ξpb´1yqζ0pb´1yq
˘ “ ÿ
τďγ
Bτξpb´1yqBγ´τζ0pb´1yq,
where the sum is taken over all the multiple indices τ such that γ ´ τ has nonnegative
entries and each τ appears γ!
τ !pγ´τq! times. Since ζ0 is a compactly supported function on
U , there are differential operators rτ P F |τ |L and Ćγ ´ τ P F |γ´τ |L such that
Bτξpb´1yqBγ´τζ0pb´1yq “ BrτξpgqBĆγ´τζ0pgq(6.12)
where bpgq “ y.
By (6.10), (6.11) and (6.12)
p2πizqγ pfpzq “ ż
U
ÿ
τďγ
BrτξpgqBĆγ´τζ0pgqe´2πibpgq¨zρpgq dg.(6.13)
By Lemma 6.4, for each rτ one has
Brτ “ ÿ
αPbr
l
,rď|τ |
fαBα,(6.14)
where fα are smooth functions. In view of (6.13) and (6.14)
p2πizqγ pfpzq “ ÿ
αPbr
l
,rď|γ|
ż
U
Bαξpgqηαpgqe´2πibpgq¨z dg,(6.15)
where ηαpgq are compactly supported smooth functions on U .
Now we lift all the ηα to compactly supported smooth functions rηα on X . Let ζ :
U´ ˆ U` Ñ r0,8q be a compactly supported smooth function such thatż
U`
ż
U´
ζph0, h1q dh0 dh1 “ 1.
Each function η P C8c pUq is lifted to rη P C8c pXq as follows:
ηpyq “
#
ηpgqζph0, h1q if y “ gh0h1x for g P U, h0 P U´, h1 P U`
0 otherwise
.
By (6.4), (6.5) and the Fubini’s theorem we have
(6.16)
ż
X
ϕpxqrηpxq dµpxq “ ż
U`
ż
U´
ż
U
ϕpgh0h1xqrηpgh0h1xq dg dh0 dh1
“
ż
U
ż
U`
ż
U´
`
ϕpgxq ` λψpg, h0, h1q
˘
ηpgqζph0, h1q dh0 dh1 dg
“
ż
U
λψpgqηpgq dg `
ż
U
ξpgqηpgq dg,
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where
λψpgq “
ż
U`
ż
U´
λψpg, h0, h1qζph0, h1q dh0 dh1.
By (6.8) and the uniform convergence of (6.6), the function λψpgq is smooth on U and
for any α P brl
Bαλψpgq “ λBαψpgq.(6.17)
For any η P C8c pUq, by (6.16) and (6.17), we have
(6.18)
ż
U
pBαξqη dg “ p´1qr
ż
U
ξpBαηq dg
“p´1qr
ż
X
ϕpxqĄBαηpxq dµpxq ` p´1qr`1 ż
U
λψpgqpBαηqpgq dg
“
ż
X
Bαϕpxqrηpxq dµpxq ´ ż
U
Bαλψpgqηpgq dpgq
“
ż
X
Bαϕpxqrηpxq dµpxq ´ ż
U
λBαψpgqηpgq dpgq.
Write ηα,zpgq “ ηαpgqe´2πibpgq¨z, then by (6.18)ż
U
Bαξpgqηα,zpgq dg “
ż
X
Bαϕpxqrηα,zpxq dµpxq ´ ż
U
λBαψpgqηα,zpgq dg.(6.19)
By Lemma 6.3,
(6.20)
ˇˇˇˇż
X
Bαϕpxqrηα,zpxq dµpxqˇˇˇˇ “
ˇˇˇˇ
ˇ 8ÿ
n“0
ż
X
Bαψpanxqrηα,zpxq dµpxq
ˇˇˇˇ
ˇ
ď
8ÿ
n“0
ˇˇˇˇż
X
Bαψpanxqrηα,zpxq dµpxqˇˇˇˇ .
By Lemma 2.3, ˇˇˇˇż
X
Bαψpanxqrηα,zpxq dµpxqˇˇˇˇ Àα e´nδ1}ηα,z}ℓ0 Àα e´nδ1 |z|ℓ0sup.(6.21)
So (6.20) and (6.21) imply ˇˇˇˇż
X
Bαϕpxqrηα,zpxq dµpxqˇˇˇˇ Àα |z|ℓ0sup.(6.22)
On the other hand,ˇˇˇˇż
U
λBαψpgqηα,zpgq dg
ˇˇˇˇ
ď
ż
U
|λBαψpgqηαpgq| dg Àα 1.(6.23)
By (6.19), (6.22) and (6.23), we haveˇˇˇˇż
U
Bαξpgqηα,zpgq dg
ˇˇˇˇ
Àα |z|ℓ0sup ` 1.(6.24)
Using (6.24) to estimate each term of the right hand side of (6.15), we get
|p2πizqγ pfpzq| Àγ |z|ℓ0sup ` 1.(6.25)
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For any positive integer k, we sum the left hand side of (6.25) for all γ “ 2kγi where
tγi : 1 ď i ď mu is the standard basis of Rm, then
|z|2ksup| pfpzq| Àk |z|ℓ0sup ` 1,
from which the claim (6.9) follows.

Proof of Theorem 1.6. Suppose the variance σpF, φq is zero, then Theorem 1.4 implies
that there is a measurable solution ϕ to the system of cohomological equations (1.8).
Note that ψpxq “ ş1
0
φpatxq dt belongs to pC8c pXq and ϕ is a measurable solution to the
cohomological equation ψpxq “ ϕpa1xq ´ ϕpxq. By assumption, the projection of F to
each simple factor of G is nontrivial, so the action of G1a1 “ H on X has a spectral gap.
Theorem 1.1 implies that there is a smooth function rϕ on X such that rϕ “ ϕ almost
everywhere. This means that there is a continuous function ϕ such that (1.8) holds for
all s ą 0 and x P X .
To prove φ is dynamically null with respect to pX,F q, it suffices to show that for any
F -invariant and ergodic probability measure rµ on X the integral rµpφq “ 0. By Birkhoff
ergodic theorem and Poincare´ recurrence theorem, there is x P X such that x is in the
closure of tatx : t ě T0u for any T0 ě 0 and
rµpφq “ lim
TÑ8
1
T
ż T
0
φpatxq dt “ lim
TÑ8
1
T
pϕpaTxq ´ ϕpxqq.
The above two properties together with the continuity of ϕ imply rµpφq “ 0. 
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